MuHncTepcTBO Ha 00pa30BaHMETO, MJIAJLEXKTA N HAYKaTa

59. HammoHaJIHa OJIMMONAAA IO MaTeMaTHUKa

Ob6uacreH kpbr, 17-18.04.2010 r.

yC.T_[OBI/ISI, KpaTKu pelaieHnud U KpuTepuum 3a OlleHdABaHE

3anaua 9.1. /la ce HaMepsdT BCHUKK CTOMHOCTU HA PeaIHUS IapaMeTbp a, 38 KOUTO
KOpEHHUTE T1 i To Ha ypasuenuero r2+(v/a + 1—a)z—1 = 0 ca peasiHu 1 y10B/IeTBOPHBAT
DPaBEeHCTBOTO

2?2 + 2% + a® = 2a(xy + 22) + 2 + Va3 + a2 — 14a + 25.

Pentenue. YpaBaermeTo nMa CMUACHII U KOPEHUTE MY €& PeasiHu 3a Bedako a > —1. a
O3HAaYMM 3a KparkocT g(a) = a® + a? — 14a + 25. Janenoro YCJIOBHE MOXKE [l Ce 3alIUIIe
BbB BHJIA

(21 + z9 — a)* = \/g(a),
KOETO € eKBUBAJEHTHO Ha ypasHeHuero a + 1 = /g(a). Cien nosaurane Ha KBaJpar
nosyuasame a® — 16a +24 = 0 <= (a — 2)(a® + 2a — 12) = 0 ¢ kopenu a; = 2,
as = —14+ V13w a3 = —1 —/13. Tnii ka0 a3 < —1 < a; < as, g(ay) = (a; +1)2 20
u gaz) = (a2 +1)2 20,10 a1 = 2 1 as = —1 + V13 ca equncTBenuTe pelIeHus Ha
3a/2a49aTa.

NucTpykuuu 3a oneHsaBaHe. 1 T. 3a oupeje/ste Ha a > —1, Karo J0CTaTrbiHo yc-
JIOBHE 3a peaJsiHu KOpeHu; 2 T. 33 JOCTHIaHe /10 ypaBHennero a+ 1 = va® + a2 — 14a + 25
(nupekTHO ¢ bopmysn wHa Buer nim kakTo no-rope); 2 T. 3a NoJydaBaHe U DelIaBaHe Ha
ypasuenuero (a — 2)(a? + 2a — 12) = 0; 2 T. 3a HPOBEPKa Ha TPUTE KOPEHA M JIOCTUIAHE
JI0 JIBETE PEIICHHUS.

3ama4ya 9.2. B nanen wernpuwsroaank ABC D MoxKe 1a ce Bomme OKPbKHOCT k, KOs-
T0 ce monmpa 1o crpauute AB, BC, CD u DA B roukure M, N, P u () cvorBetHo. Heka
S e cpenara Ha, XOpjara, HOJy4YeHa OT IpecudaHero Ha jguaroHata AC ¢ OKPbKHOCTTA
k. Ha ce pokazke, 4e € udl'bjaHeHo papeHcrBoro SM.SQ) = SN.SP.
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Pemenne. Hexa I e uenrnpa na okphaxuocTta
k u jpa pbBeneM cramjapTHUe O3HAYEHUS 33 bLIVIMTE P.-
Ha uerupubrbianuka ¢ &, 3, v u 4. Ille nokaxem, ue

SM SN
AMNS ~ APQS orkbiero ciensa, de <P - @,
r.e. SM.S5Q = SN.SP. Tuii karo S e cpeja na xopia Q
B k, nexama na upasara AC, ro 4 ISC = 90°. Or
apyra crpana 4 IPC =4 INC = 90° u caenosare-

no toukure I, N, C, P u S nexar na oKpbLaKHOCT €
auamersp CI, Torasa <§ NSC =4 CSP = 90° — %

u anajgoruuno  MSA =4 QSA=90° — % A M B

Caepnosarenno 4 MSN =4 PSQ = O:Tﬂ Ocsen T0oBa

JSPQ = JSPD— JQPD=4SNC - (90° - g) = (180°— 4 SNB) — (90° _ g) —

= (180°— 4 SNM)— 4 MNB — (90“’— g) =

— JINMS+ I MSN — (90"- g) - (90° _g) -

= <3(NMS+Q"2”— (90“’—%) - (90°—g) —4 NMS

H C TOBa JOKa3ale/ICTrBOTO € 3aBbLPLISHO,

Nucrpykiuu 3a ouensisane. 1 1. 3a csexkgane ua sagavara 10 AMNS ~ APQS;,
1 T 3a nocrpossane na uenropa I u joxazsane, ue IS L AC; 1 1. 3a jokazsaue, ue
roukure I, N, C, P u § nexar na ejaua oxpbxuoctr; 2 1. 3a < MSN =<4 PSQ:; 2 . 3a
JSPQ =94 NMS.

3ana4da 9.3. Bupxy yeuopejnure npasu @ u b ca sseru crorserio roukure A, Ag, Ag, Ay
u B1, Ba, B3, Bs, kouto ca jase 10 ase pazjauuuu. Ja ce HaMepu MUHUMAJIHUAT BL3MOXKEH
6poil pasiauuHM TOYKM, LOJAYy4eHH 1pu upecuuanero ua orceukure A;Bj 1 = 1,2,3,4;
j=1,2,3,4, (Bxauounrenno camure rouku Ay, As, A, Ay u By, Bg, By, By.)

Pemnenune. Heka toukure sLpxy upasara @ ca Ay Az As Ay
pazunosuoxkenu B peda Ai, As, Az, Ay o1isiBo HAJCHO ' /
u anajorudno 3a roukure By, Ba, Bs, By supxy b. To-
rasa 10-re orceuxn A1Bj, i = 2,3,4, A9B;, j = 1,4,
AsBg, k = 1,4 u AyBm, m = 1,2,3, oupeaenst 19
paz/IMuHM [PEceYHu TOYKM (10 3 BLPXY OTCEYKHTE
A1By u A3By, 10 4 supxy A1Bg u AsBy u 5 Bupxy 2
A1 By — o3nauenu, kato ,upasuu” Touku Ha yeprexa). Bj By By By

Orceukure, KOUTO BCE oule He cme pasrieianu ca A By, AgBs, A3Bo u A3Bs. Ocrasa
s1a cLbobpasumM, Ye BLPXY Beska ejua or orcedkure AsBsg u A3Bs couectsysar 1o ole
LOHE 2 HOBM HPECEYHH TOUYKH, PA3/IHYHH 110 MEX/y CH U pasziaudun o1 ropuure 19. Karo
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J100aBUM U JIaJIEHUTE OCEM TOYKH BbPXY HpaBuTe @ u b jocrurame jo moue 19+2+2+8 =
31 mpeceyHN TOUKH.

[ITe mokazkem, ue MOXKe Jia Ce IIOCTPOU KejaHa KoH(puUrypaiusa ¢ Touno 31 npecednn
touku. Heka 3a mesra pasmosio:KUM TOUKHTE, Taka de orcedknre A;B; ma ca mepmenau-
KyJIIpHI Ha mpasuTe a U b, A1 Ay = Ag3Ay = x u As A3 = y. Torasa B1By = BsBy=x 1
By B = y. llle TbpcumM OTHOMIEHUETO T : Y, TaKa 4de npaBara Ao Bo jia MUHABA 1pe3 Hpe-
ceynara Touka P Ha orceukure A1B4 u A3Bi. 3a nenra usno/ssBaMe JIBOMKUTE II0T00HI
rpubrbaaany A A1 Ao P u A By By P, kakTo u rpubrbaaunute AAs AsP u AB1BoP. Cuep,

x 1+ V5

CHOTBETHHUTE HPECMATAHMS OCTUTAME JI0 PABEHCTBOTO T2 — 2y — 4% = 0, Te. — = 5

n A1A2 = A3A4 = L\/g
BaMe, ue orcedkara Ao By MHHaBa IIpe3 IpecevdHaTra TOUKa Ha orcedknTe A1 B3 m B Ay,
1.e. orcedkara A By HEe HOCM HOBU LIPECEYHU TOYKK pas3/aiudHu oT ropaure 19. Anajnorndno
1 orceukara AsB3 HaMa Ja HOCH HOBH TOUYKH M Bede JIECHO Ce BHKA, 9e OCTAHAJIUTE JIBE
orceukn AsBs m A3Bs me nonecar TOYHO 4 HOBH TOYKH, KOETO HH BOIW U 10 ThPCEHUAT

AgAs. Or chobpazkenne 3a CUMETPUS, B TO3U Caydail moJy4va-

Opoii.

Mucrpykiuu 3a oueHsiBaHe. 4 T. 33 MUHMMA/IHATA OIEHKA (2 T. ca 32 HAMuUpaHe
Ha 19 BBTpENnIHy IpecevHr TOYKK U 2 T. 33 OCTaHAJuTe 4 TOUKN); 3 T. 32 KOHCTPYKITHSITA.

3amaua 9.4. a ce pemn cucremara

r4ay’ +a®2? = a?
x4+ by + 0222 = b
:13~|—cy2+6222 = c2,

KbJeTo a, b u ¢ ca peannu napamerpu (a # b, b # ¢, ¢ # a).
Pentenue. Heka equn or mapaMmerpute, HanmpuMep a, e paseH Ha (. ToraBa x = 0 ot
I'bPBOTO ypaBHEHUE, & OT JAPYIUATE JBE YPaBHEHUS IIOJIydaBaMe CUCTeMaTa
y?4+b22 = b
y? + c2? c,

OTKBJETO JIECHO HaMUPAME y2 =0uz’= 1, re.y=0u z = +£1.

Hexka cera abc # 0. Torasa ciiej; u3passiBane Ha 22 —1 0T TpUTE ypABHEHHST 01y 9aBAME
r+ay’ w+by? x4+ cy?

cucTeMaTa 2 = 72 SR CiemoBaTesHO
z(b? —a®) +ab(b—a)y? = 0 z(a+b)+aby? = 0
z(c? —a?) +ac(c—a)y? = 0 r(a+c)+acy? = 0

B nocsieirara cucreMa yMHOX)KAaBaMe 'bPBOTO YPABHEHHUE C ¢, BTOPOTO C b U I'i u3BazK1aMe,
3a ga nosyunm az(c — b) = 0, orxbaero x = 0. Torasa y = 0 22 =1
nocrurame Jio perenusra (z,y,z) = (0,0,£1).

Nucrpykiuu 3a oineHgBaHe. 2 T. 3a ciydas abc = ( abc # 0
T. 3a JOCTUTaHe JI0 CHCTeMa C JiBe YDABHEHUs W JBe Heu3Be
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razu cucrema). Ilpu apyru pewenue (HaupuMep eJMMHHALUS HA €JIHO OT HEU3IBECTHUTE)
bes pasriexaane na abe =0 — 4 1, u 3 1. 3a JosbpuBane.

Banaua 9.5. Jajeu e AABC ¢ oprouentrsp H u nen1rnp Ha BHHCAHATA OKPLAKHOCT
I. Oxpuaxnocr, munasama upes sspxopere A u B upecuua crpanure CA u CB 3a sropu
st B rouxkure P u Q cuorserno.

a) Axo I nexu na orceukara PQ, na ce nokaxe, ue AP+ BQ = PQ;
AP BQ PQ

6) Ako H nexu na orceuskara PQ, na ce nokaxke, qe

AH+BH_CH
C

Pewmenue. [Ja pbBeienM CTamjgapriuTe O3HAYEHUS 34
wrimre na AABC ¢ a, 3 u 7.
a) Heka I nesxun na orcedkara PQ u onucanara 0koJ10
ANABI okpuaxnoct k upecuua 3a sropu nsr upasara PQ
B rouka D (su3moxno e D =1, ako k ce nouupa 1o PQ).
Bes orpanuuenune na obwnocrra nesa D € IP™ u rorasa

J ADI =180°— 4 ABI = 180°—§ > 180°—3 =4 APQ,

T.e. D € BhLTPeHHA TOYKa 3a OTceHKala IP

1
Or 4 ADP =4 ABI = g =3 J DPC cuensa, ue AADP e pasuobenpen u AP = PD.

Ananornuno BQ = DQ u caeposarenno AP 4+ BQ = PD 4+ DQ = PQ.
6) Heka H nexu na orceuxkara PQ. Tiit karo § BQH = 180° — a =<4 BHC, 10

B H AP PH
ABQH ~ ABHC u % = 2—1{ Ananornuno AAPH ~ AAHC u —. Karo

AH ~ CH’
AP BQ PQ
cubepem Te3u B PABEHCTBA 101V YABAME Vi + BH - CH
Babeaesncrka: okaszanure pasencrsa B a) u 6) ce oka3par JA0CTATbLYHM YCJIO0BUS 34
kosmneapuoct na roukure P, Q, I u P, Q, H crorseruo.

Wucrpykuuu 3a ouensisane. a) 1 7. 3a nocrpossane na roukata D (Bb3Moxu0 e
na ce nocrpou u karo PD = PA); 1 . 3a joka3sane, ue D e pprpewmna 3a orceukara PQ;
2 1. 3a gocrurane 10 pasencrsoro AP 4+ BQ = PQ; 6) 1 t. 3a orkpusane na 1o106uero

AP  BQ _ PQ
ABQH ~ ABHC; 2 1. 3a jocturane 10 pasenctsor -
Q ;2 1. 33 J0CTHIAHE JI0 DABEHCTBOTO AH " BH CH

Banauya 9.6. Heka n e ecrecrseno quciao. [a ce namepu Hail-Ma/lkOTO eCTeCTBEHO
unc0 k, 3a KOETo CLIIECTBYBAT €CTECTBEHU YUCIa @1, a2, . .., 0k, TAKUBA 4€

7.2”:a%+a§+"~—|—a§.

Pewenue. Quesuuno k> 1. Heka k= 2. Ako 7| a; u 7| ay, 10 7| a? + a2 u orryx
72 | 7.2™ koero e nesnb3moxkno. Hexa 7 1’ a1 ¥ ToraBa 04eBu 1HO 71’&2. Cera or a%—l-&% =0
(mod 7) wiu af = —a3 (mod 7) cieusa a§ = —a$ (mod 7) u (or reopemara na ®epma)
1=—-1 (mod 7) - uporusopeune.

Hexa k= 3. Akon > 1, 10 a% + a% + a% = 0 (mod 4), orgbero Jecuo ciaeisa, ue
aj, 9, a3 ca yernn uucia. Torasa a; = 20y, ag = 2by, a3 = 2b3 (by,bo,b3 € N) u 7.on—2 —
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b? + b3 + b2, TIpojbikasaiiku 10 TOuM HauumH 3aKmodasame, de 7.22 wm 7.2 Tpabsa
Jla e cyma Ha Tpu KBajipara. HermocpeicrBeHo ce mpoBepsiBa, Ye TOBa He € U3II'bJIHEHO
3a 7.22 = 28 u cile0BATENHO HE € M3IIbIHeHO 3a 7.2" npu werxo n. OT Apyra crpaHa,
7.2 = 14 = 3% + 22 + 12, koero HE mHOJCemA HpH HedeTHO n = 2m + 1 ma usbepem
) p p

ap = 3.2™ as = 2.2™ a3 = 1.2™ u Torasa a3 + a3 + a3 = 14.2?™ = 7.2,

Hexa n = 2m e uerno u k = 4. AHaJIOrM9HO HA FOPHOTO, Thil Karo 7 = 22 +12412412,
mbupame a1 = 2™ ay = ag = ay = 2™ u monywasame a? + a3+ a3 +a3 = 7.22" = 7.2",

Oxonuaresnno, k = 3 3a HedeTHo n u k = 4 3a 4eTHO N.

Mucrpykuun 3a ouensisane. 1 T. 3a ciayvas k = 2; 2 1. 3a cayuaa k = 3, 2 | n;
2 1 3a cayuaa k= 3,21 n; 2 7. 3a ciyuas k =4, 2 | n. (He ce 3auura nurupanero 6e3
JIOKA3aTe/ICTBO HA (DaKTU OTHOCHO MPEJCTABAHETO HA eCTECTBEHUTEe YUC/Ia KaTo CyMa Ha
HSKOJIKO KBa/IpaTa.)

3amaua 10.1 la ce periu ypaBHEHUETO
2
20°.10° = 2
Pentenue. 3anmcBamMe ypaBHEHNETO BbB BUIA
2 2
21107+ = 1,
KO€TO € €KBHBAJICHTHO C YPAaBHEHHUETO
(2711077 = 1.

mame aBe Bb3MOxHOCTH  + 1 = 0 mwim 2°71.10° = 1. IIpu mbpBara gocTUraMe o0
pemenuero 1 = —1, a upu Bropara gocrurame 0 ypasueanero 207 = 2, KoeTo Hu BOJuU
JI0 PEIIeHNeTo To = logy, 2.

Oxonuare/HO 1OJIy4YaBaMe pelreHusTa £1 = —1 u oo = logy, 2.

NHucTpykiuu 3a oneHsagBaHe: 1 T. 3a CBEXK/IaHE /[0 YPABHEHUETO 92’ ~1 1pr’+e — 1;1
T. 3a cBexxiane j10 ypasuennero (2271.10%)% T = 1; 2 m. 3a cayuas x4+ 1 = 0 u gocrurane
10 pemrenmero r1 = —1; 1 T. 3a cayuag 2271.10° = 1; 1 T 3a jocTUraHe 10 ypaBHEHHETO
20" = 2; 1 1. 32 jJocTUrate Ji0 PELIEHUETO Ty = 10gy, 2;

3agaua 10.2. BoramuosnucanaTa OKpbKHOCT KbM crpanata AB ma AABC ce mo-
nupa 10 AB B Touka D. Ako 4 CAB =2 ¢ CDA, na ce namepu CTORHOCTTA HA OTHO-
mennero AD : BD.

Pewenmne. (Tpuzoromempuren nodrod) llle usnoaspave CTaHIapTHATE O3HAUCHUST 33,
crpanure vHa AABC u nexka 4 ADC = ¢. Or cunycosa Teopema 3a AAC D nosyuasame
oD — bsin 2¢

- = 2bcos . OrryK 1 or KOcuHyCcOBa Teopema 3a ANADC nmame
sin ¢

4b? cos® ¢ = b2+ (p—b)*—2b(p—b) cos 2p = 2b? cos 2p = —b*+(p—b)*—2b(p—b) cos 2,
p—2b
2b

—-2b
a2262+02—2bc% = azz(b—kc)z—pc = a—bz%.

OTK'bJIETO HAMUPAME COS 2¢0 = . Ot KocunycoBa Teop ANABC
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Ocrasa ja upecmernem BD =p—a = WT_G = E u caeposarenno AD: BD=3:1.
{Curmemuuen nodrod) Heka suucanara 8 AABC ok-
pozxuoct ke ¢ uenrsp I u ce qonupa jo crpanara AB
B rouxka P. Ako o3nauum ¢ @ juamerpasno npoTuso-
nosoxkuara Touxa na P s k, 1o nobpe uzsecren dakr
e, ue roukure C, Qu D ca konmuneapunu. (Kiacuuecko-
TO J0KazaTencTso e ¢ xoMmorerusd, ¢ uenrnp C, kKouto

B

usnpaia kK BbB BbHUIHOBIMCAHATA OK['bKHOCT. )

Torasa 4 TAP = % J CAB =4 CDA, re. upasobrbiuure rpubrbinuimu AIPA u
AQPD ca nojnobuun u PD : PA = PQ : PI =2 : 1. Or apyra crpana PA = BD u
cienosarenno AD: BD =3 :1.

Uucrpykuuu 3a ouensasane: (1'puzonomempuyen nodrod) 1 1. 3a pbBexjianero
ua nomomen brua 4 ADC = @, 1 1. 3a npuwiarane na cunycosa teopema 3a AADC
u namupane CD = 2bcos ; 2 1. 3a npuwiarane na kocunycosa teopema 3a AADC u
p—2b

2b

JIOCTUIAHE J10 paBeHcrsoro @ — b= % 1 7. 3a gocrurane 10 OTroBoOpa.

HAMHPAaHE HA COS2(p = : 2 1. 3a upuwiaarane na kocunycosa reopema 3a AABC u

(Curmemuuen nodrod) 1 . 3a nocrpogBane Ha BIHUCAHATA OKPLKHOCT; 2 T. 3& Bb-
Bexkjlane Ha Toukara @ u orumrane na daxra, ye @ € CD; 1 1. 3a J0Ka3aTeJCTBO Ha
daxra, ue Q € CD; 1 1. 3a AITPA ~ AQPD:; 2 1. 3a jocturane 10 01T0BOPA.

Banauya 10.3. Bux 3anaqa 9.3.

Banaua 10.4. la ce namepsit BCHYKH €CTECTBEHM YHUC/A ), TAKHBA Y€ 34 BCAKO T e
HUBII'LJAHEHO PABEHCTBOTO:

(sinz)® + (cosz)®™ + nsin® zcos®z = 1.

m 1 n
Pemenue. Ilpu r = 1 JaJeHOTO paseHcTso upuaobusa suga — + — + — =1 u

2n 2" 4
orryk nosyuasame 1+ (n — 4)2"3 = 0. Ako n = 4, 10Ba PABEHCTBO HE € UBIILJHEHO,
LIOHEKE 1+(n—4)2n_3 > 0. Ako n < 3, nposepkara 110Ka3Ba, Y€ TO € U3II'LIHEHO CAMO [P
n=2un=23uue 10KAKEM, Y€ [IPU TE3U CTOHOCTH JAJEHOTO PABEHCTBO € ThiKJIECTBO.

2z = (sin?z +cos? )% = 1, 3a sBesxo T

2

[Ipu n = 2 umame sin? z + cos? z 4 2sin® z cos

2y = (Sin2 r+cos? ) (sin4 r—sin? r cos? v+
2 2

T = (sin2x+0052 I)2—3SiD21‘{3082 r+3sin“zcos®*r =1, 3a Beako &

Ipu n = 3 umaue sin® z+cos® 2+3sin?  cos
cos? x) +3sin? z cos?
C..'le,u.()ljal'e..'lll(') 1"].;[)(':811111'8 ecrecrseHd 4uc)ia ca n = 2 un— 3

Wucrpykuuu 3a ouensisaxe: 2 . 3a jocrurane o 1+ (n— 4)2“_3 =0 (wau apyro
I)a-BellC'l'BO 1T TO3M Bl’l,ﬂ.):‘ 2 T. 34 llOl(aSBalle.. e ToBa IJaBellCl'BO € U3LJHEeHD CamMo llI)M
n=2un=23; 11 3a/j0Kkazsane, 4e Upu N = 2 JaJIEHOTO PABEHCTEO € H3IILJIHEHO 34
BCHKO T; 2 T. 3a JI0Ka3BaHe, 4e [IPH T = 3 Ja/eH0TO PABEHCTEO € U3II'LJAHEHO 3a BCHKO T.

3anaua 10.5. Bux 3azaua 9.5.

3anaua 10.6. Bux 3azaua 9.6.
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ABTOpU HaA 3a/mavuunTe:

ITersp BoiiBasienkos — 9.1, 9.4;
Usan Tomos — 9.3(10.3), 10.2;
Crogu Boes — 9.2, 9.5(10.5), 10.1;
Kepoue Hakbpsn — 9.6(10.6), 10.4.
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