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1. In a right triangle ABC we have ZA = 90° ,ZC = 30°. Denot
by C' the circle passing through A which is tangent to BC at the
midpoint.Assume that C intersects AC and the circumcircle of ABC

at N and M respectively. Prove that M N L BC.

Mahdi Etesami Fard

Proof. Let K midpoint of side BC. Therefore:

AK = KC = /KAC = /ZNKC = 30°

LANK = ZNKC + LACB = 60°

A, K, N, M lie on circle (C). Therefore:

/KAN = Z/ZKMN = 30°, ZAM K = 60°

We know that K is the circumcenter of AABC. So we can say
KM = KC = AK. Therefore AAKM is equilateral.( because of
LZAMK =60°). So ZAKM = 60°. We know that ZAK B = 60°, so

we have /M KC = 60°. On the other hand:

ZKMN =30°= MN1BC

.
e.cem
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2. The inscribed circle of AABC touches BC, AC and AB at D,
E and F respectively. Denote the perpendicular foots from F, E

to BC by K, L respectively. Let the second intersection of these
perpendiculars with the incircle be M, N respectively. Show that

SaBMD _ DK
SAcND DL~

Mahdi Etesami Fard

Proof. Let I be the incenter of AABC. We know that

/BFK =90° — /B 1
= /DFM=-/B
ZBFD =90° - 1/B 2

But ZDFM = ZM DK . Therefore

/4B

LMDK =

L

hence AMDK and ABID are similar (same angles) and %
5p- In the same way we have % = &#p- Therefore

_MK-BD_NL~CD:>areaofABMD_MK-BD_DK
~ DK DL area of ACND NL-CD DL

.
e.cem
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3. Each of Mahdi and Morteza has drawn an inscribed 93-gon. Denote
the first one by A1 As...Ags and the second by By Bs...Bgs. It is known
that AiAi+1 || BrL'BiJrl fOI‘ 1 < ) < 93 (Agg = Al,ng = Bl) ShOW

A A; . . .
that B’_T’_j: is a constant number independent of i.
K3 K3

Morteza Saghafian

Proof. We draw a 93-gon similar with the second 93-gon in the circum-
circle of the first 93-gon (so the sides of the second 93-gon would be
multiplying by a constant number ¢). Now we have two 93-gons witch
are inscribed in the same circle and apply the problem’s conditions.
We name this 93-gons AjAs...Ags and C1C5...Cos.

We know that A; Ay || C1Cs. Therefore AIE)&:A;CQ but they lie
on the opposite side of each other. In fact, A/Z-E’i:AH:biH and they lie
on the opposite side of each other for all 1 < ¢ < 93 (Agj;\C’gz;:A;\C’l).
Therefore A@l and A/;C& lie on the opposite side of each other. So

A1C1= 0° or 180°. This means that the 93-gons are coincident or
reflections of each other across the center. So A;A;11 = C;Ciyq for
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1 <7 < 93. Therefore, %ﬁi =c.

.
e.cem
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4. In a triangle ABC we have ZC' = ZA 4 90°. The point D on the
continuation of BC' is given such that AC = AD. A point F in the

side of BC' in which A doesnt lie is chosen such that

LEBC = /A, /ZEDC = %AA

Prove that ZCED = ZABC.
Morteza Saghafian

Proof. Suppose M is the midpoint of C'D. hence AM is the perpendic-
ular bisector of CD. AM intersects DE and BFE at P, () respectively.

Therefore, PC' = PD. We have

/EBA+ /CAB=/A+/B+ /ZA =180° — £LC + LA =90°

hence AC' 1 BE. Thus in AABQ, BC, AC are altitudes. This

means C' is the orthocenter of this triangle and

/CQE = /CQB = /A = %AA + %AA — /PDC + /PCD = /CPE

hence CPQF is cyclic. Therefore

LCED = ZCEP = /ZCQP = ZCQA = ZCBA = /B.

.
e.cem
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5. Two points X, Y lie on the arc BC of the circumcircle of AABC
(this arc does not contain A) such that ZBAX = ZCAY. Let M
denotes the midpoint of the chord AX . Show that BM +CM > AY.

Mahan Tajrobekar

Proof. O is the circumcenter of AABC, so OM 1 AX. We draw
a perpendicular line from B to OM. This line intersects with the
circumcircle at Z. Since OM 1 BZ, OM is the perpendicular bisector
of BZ. This means M Z = M B. By using triangle inequality we have

BM+MC =M+ MC >CZ
But BZ || AX, thus
AZ =BX =CY = ZAC =YCA = CZ =AY
hence BM +CM > AY.
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